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EFTs are an important tool in the search for new physics.
E

v

Λ UV model ???

effective description operator basis

top-down bottom-up

We match to UV-models at scale Λ, but measure at scale v .

The necessary RGEs also introduce an important operator mixing
that was computed by
Alonso/Jenkins/Manohar/Trott [1308.2627,1310.4838,1312.2014; JHEP].

The RGEs are also implemented in
DSixTools: [1704.04504,EPJC] and Wilson: [1804.05033, EPJC]

⇒ An independent cross check with a different approach would be very
beneficial!
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Master formula for one-loop renormalization of
bosonic SMEFT operators

Part I: The SMEFT in our notation L = LSM + 1
Λ2L(6) + . . .

1
12ΛµνΛµν + 1

2Σ2 Part II: The Master Formula for 1-loop
divergences

[1710.06412,1904.07840]

Part III: The result
[1904.07840]

Qφ =
(
φ†φ
)3
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L = LSM + 1
Λ2L(6) + . . . I: We have a mass gap to NP.

We assume there is a gap between the SM at v and the new physics (NP) at
Λ.

L = LSM +
1

Λ2
L(6) + . . .

We work with the real representation of the Higgs doublet

H ≡ 1√
2

(
φ̃, φ

)
= iτ jϕj ,

with τ 0 = − i
21 and τ i = σi

2 . The covariant derivative then becomes

(Dµϕ)i = ∂µϕi + igW a
µt

a
Lijϕj + ig ′Bµt

3
Rijϕj

tL and tR are generators of SO(4) with the algebra

[taL, t
b
L ] = iεabctcL {taL, tbL} = 1

2δ
ab tr taLt

b
L = δab

[taR , t
b
R ] = iεabctcR {taR , tbR} = 1

2δ
ab tr taRt

b
R = δab

[taL, t
b
R ] = 0 tr taLt

b
R = 0
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L = LSM + 1
Λ2L(6) + . . . I: Our notation for the SM.

In this notation, we have

LSM = −1

4
GA
µνG

Aµν − 1

4
W a
µνW

aµν − 1

4
BµνB

µν

+
1

2
(Dµϕ)i (D

µϕ)i +
m2

2
ϕiϕi −

λ

8
(ϕiϕi )

2

+ ψ̄i /Dψ −
(
ψ̄
√

2HYPRψ + h.c.
)

with ψ = (u, d , ν, e)T and Y = diag (Yu,Yd , 0,Ye).
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L = LSM + 1
Λ2L(6) + . . . I: Our notation for the SMEFT.

We use the operators defined in the Warsaw basis and focus on the bosonic
ones first. Grzadkowski/Iskrzynski/Misiak/Rosiek [1008.4884,JHEP]

QG f ABC GAν
µ G

Bρ
ν G

Cµ
ρ Qϕ 1

8
(ϕϕ)3 Qψϕ

1√
2

(ϕϕ)ψ̄LHψR

Q
G̃

f ABC G̃Aν
µ G

Bρ
ν G

Cµ
ρ Qϕ�

1
4

(ϕϕ)�(ϕϕ) QψG
√

2ψ̄σµνGA
µνTAHψ

QW εijkW
iν
µ W

jρ
ν W

kµ
ρ QϕD

1
4

(ϕDµϕ)(ϕDµϕ) QψW
√

2ψ̄σµνWi
µνσ

i Hψ

Q
W̃

εijk W̃
iν
µ W

jρ
ν W

kµ
ρ −(ϕt3

RDµϕ)(ϕt3
RDµϕ) QψB

√
2ψ̄σµνBµνHψ

QϕX
1
2

(ϕϕ)Xa
µνXaµν QWB 2ϕtiLt

3
RϕWi

µνBµν Q(1)
ϕψ

(ψ̄Lγ
µψL)(ϕi

←→
D µϕ)

Q
ϕX̃

1
2

(ϕϕ)X̃ a
µνXaµν Q(3)

ϕψ
(ψ̄Lσ

iγµψL)(ϕi
←→
D i
µϕ)

Q
W̃B

2ϕtiLt
3
RϕW̃ i

µνBµν Qϕψ (ψ̄Rγ
µψR )(ϕi

←→
D µϕ)

X = G,W , B Qϕud −(ϕ(it1
R + t2

R )Dµϕ)(ūRγ
µdR )

Consider the 15 bosonic operators first
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L = LSM + 1
Λ2L(6) + . . . I: The 1-loop SMEFT RGEs.

n LO vertices → LO operators
n LO vertices
1 NLO vertex

}
LO + NLO

ops.

−32π2ε δLdiv =
Cj

Λ2

(
K(i)δij + Kij

)
Qi

βi ≡ 16π2 dCi

d lnµ
= KijCj

running of dim-4 altered by

β(cSM) ∼ m2

Λ2 cdim-6 c
n
SM

running of dim-6 given by
β(cdim-6) ∼ cdim-6 c

n
SM
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Master formula for one-loop renormalization of
bosonic SMEFT operators

Part I: The SMEFT in our notation L = LSM + 1
Λ2L(6) + . . .

1
12ΛµνΛµν + 1

2Σ2 Part II: The Master Formula for 1-loop
divergences

[1710.06412,1904.07840]

Part III: The result
[1904.07840]

Qφ =
(
φ†φ
)3
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1
12ΛµνΛµν+1

2Σ2
We use the Background-Field Method. . .

starting from the generating functional:

Z [j , ρ, ρ̄] = e iW [j,ρ,ρ̄] =

∫
[dφdψdψ̄] e i(S[φ,ψ,ψ̄]+jφ+ψ̄ρ+ρ̄ψ),

φ = φ̂+ φqu, ψ = ψ̂ + ψqu,

(
δS

δφ
+ j

)
φ=φ̂

= 0,

(
δS

δψ̄
+ ρ

)
ψ̄= ˆ̄ψ

= 0,

(
δS

δψ
− ρ̄
)
ψ=ψ̂

= 0

⇒ e iWL=1 =

∫
[dφqudψqudψ̄qu] e iS

(2)[φ̂,ψ̂, ˆ̄ψ;φqu,ψqu,ψ̄qu ]

Abbott ’81
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1
12ΛµνΛµν+1

2Σ2
We use the Background-Field Method. . .

Quantum gauge fixing:

Lg-f = −1

2

[(
D̂µ

GG
A
µ

)2

+
(
∂µB

µ − ig ′ϕi t
3
Rij ϕ̂j

)2
+
(
D̂µ

WW a
µ − igϕi t

a
Lij ϕ̂j

)2
]

We work in the Feynman gauge.

The terms proportional to ϕ will make the next steps easier.

Using the background covariant derivative

D̂W
µ X = ∂µX + ig [Ŵµ,X ]

maintains background gauge invariance.

Dittmaier/Grosse-Knetter [hep-ph/9505266]; Helset/Paraskevas/Trott [1803.08001,PRL]
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1
12ΛµνΛµν+1

2Σ2
We use the Background-Field Method. . .

evaluating the one-loop functional

e iWL=1 =

∫
[dφdψdψ̄] e iS

(2)[φ̂,ψ̂, ˆ̄ψ;φ,ψ,ψ̄]

S (2) =
1

2
φAφ+ ψ̄Bψ + φΓ̄ψ + ψ̄Γφ

WL=1 =
i

2
Tr lnA− i Tr lnB − i

2

∞∑
n=0

1

n
Tr
(
A−1Γ̄B−1Γ− A−1ΓTB−1,T Γ̄T

)n

Neufeld/Gasser/Ecker hep-ph/9806436
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1
12ΛµνΛµν+1

2Σ2
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1
12ΛµνΛµν+1

2Σ2
. . . and Super-Heat-Kernel Expansion. . .

Introducing supermatrix algebra:

M =

(
A B
C D

) sdetM = det (A− BD−1C ) detD−1

strM = trA− trD

sdetM = estr ln M

Neufeld/Gasser/Ecker hep-ph/9806436

The one-loop functional of S (2) = 1
2φAφ+ ψ̄Bψ + φΓ̄ψ + ψ̄Γφ becomes:

WL=1 =
i

2
Str ln ∆, ∆ =

 A Γ̄ −ΓT

−Γ̄T 0 −BT

Γ B 0
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1
12ΛµνΛµν+1

2Σ2
. . . and Super-Heat-Kernel Expansion. . .

Applying the Heat-Kernel Expansion:

WL=1 =
i

2
Str ln ∆

= − i

2

∫ ∞
0

dτ

τ

∫
ddx str 〈x |e−τ∆|x〉

with the expansion in Seeley-DeWitt coefficients

〈x |e−τ∆|x〉 =
i

(4π)d/2

e−τm
2

τd/2

∞∑
n=0

an(x)τn

Donoghue/Golowich/Holstein ’92

Neufeld/Gasser/Ecker hep-ph/9806436

The an can be computed, knowing the form of ∆.

The UV-divergences of WL=1 are the poles in 1
τ .

⇒ only a2 contributes!

Claudius Krause (Fermilab) Bosonic SMEFT Renormalization April 17, 2019 13 / 20



1
12ΛµνΛµν+1

2Σ2
. . . and Super-Heat-Kernel Expansion. . .

Applying the Heat-Kernel Expansion:

WL=1 =
i

2
Str ln ∆

= − i

2

∫ ∞
0

dτ

τ

∫
ddx str 〈x |e−τ∆|x〉

with the expansion in Seeley-DeWitt coefficients

〈x |e−τ∆|x〉 =
i

(4π)d/2

e−τm
2

τd/2

∞∑
n=0

an(x)τn

Donoghue/Golowich/Holstein ’92

Neufeld/Gasser/Ecker hep-ph/9806436

The an can be computed, knowing the form of ∆.

The UV-divergences of WL=1 are the poles in 1
τ .

⇒ only a2 contributes!

Claudius Krause (Fermilab) Bosonic SMEFT Renormalization April 17, 2019 13 / 20



1
12ΛµνΛµν+1

2Σ2
. . . and Super-Heat-Kernel Expansion. . .

The Heat-Kernel Expansion extracts the 1
ε -poles of WL=1.

With
∆ = (∂µ + Λµ) (∂µ + Λµ) + Σ

we get

WL=1,div =
1

32π2ε

∫
d4x str

[
1

12
ΛµνΛµν +

1

2
ΣΣ

]
.

Λµν = ∂µΛν − ∂νΛµ + [Λµ,Λν ]

Specifying the Dirac structure of S (2), we can further evaluate the
Dirac-traces.

The resulting Master-Formula is purely algebraic
(Matrix multiplication and traces).

Donoghue/Golowich/Holstein ’92; Neufeld/Gasser/Ecker [hep-ph/9806436,PLB]

’tHooft ’73,NPB
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1
12ΛµνΛµν+1

2Σ2
. . . to find the Master Formula.

In the SM (and the EWChL), we have

LSM
2 = −1

2
φiA j

i φj + χ̄
(
i /∂ − G

)
χ+ χ̄Γiφi + φi Γ̄iχ,

with A = (∂µ + Nµ)(∂µ + Nµ) + Y and G ≡ (r + ρµγ
µ)PR + (l + λµγ

µ)PL.

This gives

LSM
div =

1

32π2ε

(
tr

[
1

12
NµνNµν +

1

2
Y 2 − 1

3
(λµνλµν + ρµνρµν)

]

+ tr [2DµlDµr − 2lrlr ] + Γ̄

(
i /∂ + i /N +

1

2
γµGγµ

)
Γ

)
with

Nµν ≡ ∂µNν − ∂νNµ + [Nµ,Nν ] ,

λµν ≡ ∂µλν − ∂νλµ + i [λµ, λν ] , ρµν ≡ ∂µρν − ∂νρµ + i [ρµ, ρν ] ,

Dµl ≡ ∂µl + iρµl − ilλµ , Dµr ≡ ∂µr + iλµr − irρµ.

’tHooft ’73,NPB; Buchalla/Catà/Celis/Knecht/CK [1710.06412,NPB]
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1
12ΛµνΛµν+1

2Σ2
. . . to find the Master Formula.

In the bosonic SMEFT, we have

LSMEFT
2 = LSM

2 + φi
(
aijµνD

µDν + 2bijµD
µ + c ij

)
φj ,

with aµν , bµ, c ∼ 1
Λ2 .

This gives

LSMEFT
div = LSM

div +
1

32π2ε

(
tr

[
cY +

1

3
Nµν [Dµ, bν ] + i Γ̄/bΓ− 1

6
Γ̄i
←→
DaΓ

]
+ tr

[
1

6
aµνNµλN

λ
ν −

1

24
aλλNµνN

µν +
1

6
Nµλ[Dν , [D

λ, aµν ]]

]
+ tr

[
1

3
Y [Dµ, [Dν , a

µν ]]− 1

4
aλλY

2 − 1

12
Y [Dµ, [D

µ, aλλ]]

])
.

Buchalla/Celis/CK/Toelstede [1904.07840]
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Qφ =
(
φ†φ
)3

An explicit example

Starting from

Qφ =
(
φ†φ

)3
=

1

8
(ϕiϕi )

3
,

we find

aµνij = 0, bµij = 0, cij = −3

4
(ϕ̂aϕ̂a)2δij − 3(ϕ̂aϕ̂a)ϕ̂i ϕ̂j ,

Yij =

((
λ

2
+

g2

4

)
ϕ̂aϕ̂a −m2

)
δij +

(
λ− g2

4

)
ϕ̂i ϕ̂j − g ′2(t3

R ϕ̂)i (t
3
R ϕ̂)j .

Therefore

tr cY = −
(

54λ+
9

2
g2 +

3

2
g ′2
)(

φ†φ
)3

+ 24m2
(
φ†φ

)2
.

gives with K(φ) = 6(3g2 + g ′2 − γφ)

βφ ⊇
(

54λ− 27

2
g2 − 9

2
g ′2 + 6γφ

)
Cφ, and βλ ⊇ 48

m2

Λ2
Cφ.
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+ 24m2
(
φ†φ

)2
.

gives with K(φ) = 6(3g2 + g ′2 − γφ)

βφ ⊇
(

54λ− 27

2
g2 − 9

2
g ′2 + 6γφ

)
Cφ, and βλ ⊇ 48

m2

Λ2
Cφ.
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Qφ =
(
φ†φ
)3

Our results agree with the literature.

We performed independent computations to cross check our results.

We reproduce all RGE contributions of the 15 bosonic operators
computed in
Alonso/Jenkins/Manohar/Trott [1308.2627,1310.4838,1312.2014,JHEP]

Buchalla/Celis/CK/Toelstede [1904.07840]

To compute the RGEs of the remaining operators, we have to extend our
master formula by:

Four-Fermion operators

Fermionic tensor currents

Mixed bosonic/fermionic derivatives

⇒ Stay tuned!
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Master formula for one-loop renormalization
of bosonic SMEFT operators

— Summary —

1
12ΛµνΛµν + 1

2Σ2

We derived a master formula for the 1/ε-poles based on the
super-heat-kernel.

It can be applied to a broad class of theories, like the SM, the
bosonic sector of the SMEFT, or even the EWChL.

The result is purely algebraic (matrix multiplication and -tracing).

We reproduce the RGE contributions of the 15 bosonic operators
that have been previously computed by
Alonso/Jenkins/Manohar/Trott [1308.2627,1310.4838,1312.2014,JHEP]

We are currently extending the master formula to include the full
set of SMEFT operators.
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